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We investigate electronic structures of LaMO3 �M =Ti�Cu� systematically by means of U+GW approxi-
mation. In these strongly correlated systems, it is important to treat large on-site Coulomb interactions and their
dynamical screening effects. Transition-metal ions in perovskite-type lanthanum oxides are trivalent and their
physics is qualitatively different from that of divalent transition-metal ions in transition-metal mono-oxides.
The localization of wave functions of La 4f and 3d orbitals of Ti, V, and Co is crucial. On the other hand, the
screening effect for other transition-metal 3d orbitals is strong enough so as to reduce the on-site static-
screened Coulomb interaction in trivalent oxides. The band gaps, the magnetic moments, and energy spectra
are discussed in comparison with the experimentally observed results. Calculated energy spectra of LaMO3

�M =V�Cu� are in good agreement with experimental results.
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I. INTRODUCTION

Strongly correlated d-electron systems, e.g., transition-
metal oxides, show many interesting phenomena, such as a
huge resistivity change caused by a small change in electron/
hole concentration. Though these systems have been ana-
lyzed by the first-principles local spin-density approximation
�LSDA�, a full understanding is not completed. For example,
the band gap, magnetic moment, and spectra are not pre-
dicted consistently with experimental values due to large on-
site Coulomb interaction and the remaining of the self-
interaction. On the other hand, LSDA+U method1 with the
on-site Coulomb interaction of the Hubbard-type Hamil-
tonian can remove the self-interaction and make wave func-
tions localize. However, LSDA+U method is a static ap-
proach and misses the effects of dynamical screening. This
problem causes several discrepancies between observed and
calculated spectra.

In order to study the transition-metal oxides quantita-
tively, it is important to treat the correlation derived by the
Coulomb interaction and dynamical screening effects. We
can introduce the dynamical screening effects by means of
the GW approximation �GWA�,2 which is based on the
many-electron perturbation theory and treats the screening
effects by the dynamical polarization. Since GWA includes
the lowest terms of exchange and correlation effects in their
exact forms, the self-interaction does not exist. In the case of
some semiconductors or insulators, GWA opens the gap in
good agreement with values experimentally observed.3 Fur-
thermore, since GWA calculation requires large computa-
tional resources of the CPU time and memory, the improve-
ment and invention of algorithm are crucial.

We studied transition-metal mono-oxide systems MnO
and NiO in the previous work by means of GWA and U
+GWA, the GWA calculation starting from LSDA+U wave
functions.4 The GWA works quite well in antiferromagnetic
MnO where the screening effect is small. On the contrary,
the GWA gives rise to small on-site Coulomb interaction in

NiO, since the band gap is very small and the resultant po-
larization function is large. Therefore, we adopted U
+GWA for Ni in NiO, which deepens the 3d energy level,
widens the energy gap, and makes Nid-Op hybridization
strong. The calculated spectra of MnO by GWA and NiO by
U+GWA are in excellent agreement with observed ones.

Transition-metal ions in LaMO3 �M =Ti�Cu� are triva-
lent and qualitatively different from divalent ions in MO. We
studied the electronic structure of antiferromagnetic LaMnO3

by means of GWA.5 The oxygen p levels in the trivalent
systems are shallower in energy than that in divalent systems
and M 3d and O 2p levels locate much nearer in energy.
Then, the hybridization between these two levels is stronger
than that in divalent systems. In other words, the M 3d or-
bitals are more delocalized and the screening effect is much
stronger than in transition-metal mono-oxide systems.

In this paper, we investigate systematically, by U+GWA,
the electronic structures of trivalent transition-metal oxides
LaMO3 �M =Ti�Cu� and discuss the screening effects and
optical spectra. The present paper is organized as follows.
Section II gives a brief explanation of GWA and U+GWA.
In Sec. III, we discuss the effects of the tail of the muffin-tin
orbitals with the Md-Op hybridization and the product basis.
The effects of on-site Coulomb interactions U of La 4f and
M 3d are discussed in Sec. IV. Summary of the effects of U
in MO and discussions on U in LaMO3 are given here.
Section V shows the results of LaMO3 �M =Ti�Cu� by
U+GWA with the eigenvalue only �e-only� self-
consistency.6 Summary and conclusion are given in Sec. VI.
In Appendix A, several trials of algorithm for calculation of
realistic materials with a large unit cell are explained for
saving the CPU time and memory size without a loss in
accuracy. In Appendix B, the change in the off-diagonal el-
ements of the self-energy owing to the introduction of U is
discussed. The discussion on the Coulomb and exchange in-
tegrals between orbitals is given in Appendix C.
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II. BRIEF NOTE FOR GW APPROXIMATION

A. GW approximation

GWA is the first-term approximation of Hedin’s equation2

and, for realistic materials, formulated usually with the
LSDA Hamiltonian as an unperturbed one. The GWA self-
energy is written as

� = iG0W , �1�

where G0 is the unperturbed Green’s function. W is the dy-
namically screened Coulomb interaction which is usually
calculated with the random-phase approximation and is writ-
ten as

W = v + v�0W = v + WC, �2�

where v is the bare Coulomb interaction and �0 is the lowest-
order irreducible polarization function �0=−iG0G0. Corre-
spondingly, the self-energy can be divided in two parts; the
contribution from the exchange interaction �X= iG0v and
that of the correlation �C= iG0WC.

GWA does not include the vertex correction and ladder
diagrams �corresponding to processes of electron-electron,
electron-hole, and hole-hole scatterings�, which cause nonva-
nishing imaginary part of the self-energy near the band gap
in the spectrum of insulators.7

B. U+GWA: GWA starting from LSDA+U

Standard GWA is carried out with no self-consistent pro-
cedure and calculated results depend strongly on the starting
wave functions. We proposed an alternative method of GWA
with wave functions obtained by LDA+U, named U
+GWA,4 with the e-only self-consistency. LSDA+U method
can produce localization of wave functions, and wave func-
tions and eigenvalues are improved much in this procedure.
LSDA+U method is a kind of static limit of GWA �Ref. 8�
and it is natural to start GWA from LSDA+U if we want to
start with wave functions localized more than those of
LSDA. Once opening a band gap, the resultant polarization
function is reduced and the screening effect becomes weaker.

Since we start with the LSDA+U Hamiltonian HLSDA+U,
the exchange-correlation potential VLSDA

XC and the potential
correction VLSDA+U

corr derived from the Hubbard term should be
subtracted from the GWA self-energy Eq. �1� as

�� = iG0W − VLSDA
XC − VLSDA+U

corr , �3�

and Green’s function G is defined as

G�E� = �E − HLSDA+U − ���E��−1. �4�

The quasiparticle energy Ekn should be calculated as

Ekn = �kn + Re ��kn�Ekn� , �5�

where �kn is the LSDA+U eigenenergy.
In our preceding work,4 we demonstrated that the value of

U should be chosen in U+GWA so that the energy differ-
ence between two principal peaks in the occupied and unoc-
cupied bands is equal to the that in observed spectra. The
screened static Coulomb interaction W�0� is the outcome in
U+GWA.

C. Eigenvalue-only self-consistency

GWA calculation is carried out conventionally without
self-consistent procedure and then, the results depend
strongly on the starting wave functions. Surh et al.6 proposed
the eigenvalue only �e-only� self-consistent procedure updat-
ing eigenvalues but not wave functions. Throughout the
present work, we carry out the e-only self-consistent calcu-
lation.

Figure 1 shows the spectrum of LaFeO3 at each iteration
step of the e-only self-consistent procedure. At the third it-
eration step, the spectral change is negligible. The final shape
of spectra becomes sharper and the band gap clearer.

III. TAIL OF MUFFIN-TIN ORBITALS AND
IMPROVEMENT OF PRODUCT BASIS

Calculation in the present work is based on the tight-
binding linear muffin-tin orbital �LMTO� method with the
atomic sphere approximation,9 and basis wave functions are
muffin-tin orbitals �MTO� centered at their respective atom
positions. Then, the costs of GWA is proportional to n6,
where n is the number of the MTO basis in a unit cell. In
order to reduce the costs, the product basis scheme10 is em-
ployed in the calculation of the polarization and the self-
energy.

Products of wave functions, �k�
� �k�+q or �k

��k−q, appear at
the vertices of the Coulomb interaction v and its screened
interaction W in Fig. 2. When one uses this product of wave
functions as a one function, the calculation cost is written as
O�n2�np

2�, where np is the number of the product basis.
Then, if the number of the products is reduced, the calcula-
tion cost can be reduced much. The product basis functions
can be classified according to their total angular momentum
and those with larger total angular momentum can be elimi-
nated in �C without any additional error.11,12 We call this
procedure “the angular momentum elimination.” The “angu-
lar momentum elimination” could not be done in the calcu-
lation of �X because of non-negligible error.

The radial parts of the product of wave functions are the
product of ��, ��̇, and �̇�̇, where � is a radial wave func-
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FIG. 1. Convergence behavior of the spectrum �the imaginary
part of the total Green’s function 1

	 �Im G�
��� of LaFeO3 by the
e-only self-consistent calculation. The calculation is based on U
+GWA and U and J values for La 4f orbital are 7.5 and 0.5 eV,
respectively. LSDA+U: thin solid line, U+GWA �first iteration�:
dotted line, U+GWA �second iteration step�: thin broken line, U
+GWA �third iteration step�: bold solid line. The energy zeroth is
fixed at the Fermi energy EF of respective iteration step.
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tion of LMTO defined within atomic spheres and �̇ is its
energy derivative.9 In our earlier works,5,11,12 we adopted
radial wave functions of only �� but not ��̇ and �̇�̇. How-
ever, the oxides with trivalent transition-metal ions are ex-
pected to have a large amount of hybridization mixing be-
tween M 3d and O 2p orbitals. The �̇ within a M atomic
sphere is the contribution of the tail of wave functions of
nearest-neighbor O and becomes more important in oxide
systems. In other words, �̇ plays much important role in the
hybridization mixing between two orbitals with different en-
ergy centers �E��. The contribution from ��̇ and �̇�̇ was
then included in our recent work.4

The product basis functions ���, ��̇, and �̇�̇� are not
orthogonal with each other and had better be expanded in
terms of orthogonalized functions. When we use only
��-type product basis functions, the diagonalization proce-
dure can be achieved by means of the Cholesky decomposi-
tion �LU decomposition� and we can use the resultant or-
thogonal basis functions efficiently. However, this method
does not work well when we include ��̇-type and �̇�̇-type
basis functions, because the product basis functions may be
over complete and the product matrix is almost singular.
Moreover, a serious practical problem is that the total num-
ber of product basis is huge. Therefore, we orthonormalize
the product basis by the Gram-Schmidt orthonormalization
method. In the Gram-Schmidt procedure, the original prod-
uct basis are reordered according to the number of nodes,
and the product basis with a fewer nodes are preferentially
accepted. In this way, we can discard the last half of those
basis with more nodes and this process is called the “radial-
node elimination.” As a result, the total number of the prod-
uct basis can be reduced by 50% without an additional error
both in �C and �X.

Actual procedure of elimination of product basis is as
follows: First, “the radial-node elimination” procedure re-
duces the number of product basis functions by 50% both in
�C and �X. Next, “the angular momentum elimination” pro-
cedure reduces the number of the basis functions by 10%,
30%, and 50% in the total angular momentum l=0, 1, and 2,
respectively, of �C. As a result, the total number of the prod-
uct basis is reduced in �C by 50% �l=0�, 60% �l=1�, 80%

�l=2�, and 100% �l�3� and in �X by 50% for all total an-

gular momentums. This effort of including ��̇ and �̇�̇ im-
proves the accuracy much with keeping the computational
costs as before.

IV. U VALUES FOR U+GWA

A. Effect of U of La 4f orbitals

In the LSDA, the unoccupied bands in the energy range of
5 eV above EF are mainly of La 4f and 5d character and
these bands overlap with strong hybridization. The levels of
La 4f locate too low in energy and the occupation is, for
example in LaMnO3, 0.32 per spin. Then the GWA lifts the
4f components up to higher energies at about 10 eV above
EF and the 5d components move together due to strong
hybridization.5 This result disagrees with experimental ob-
servation. If La 4f levels can be lifted up in a starting calcu-
lation, La 5d bands may stay in an appropriate energy region.

In the present work, we adopt the LSDA+U method for
La 4f levels as the unperturbed Hamiltonian, values of U
=7.5 and J=0.5 eV of La 4f are used in LSDA+U, evalu-
ated by the “constrained LSDA” �c-LSDA�.13 U value of the
c-LSDA is usually too large since c-LSDA kills some screen-
ing channels on target orbitals. In the present case, La 4f
levels are much higher in energy than EF and do not affect
main screening effects caused by occupied M 3d states. On
the contrary, it is not necessary to introduce U value for
La 5d levels in the unperturbed Hamiltonian, because La 5d
electrons feel that the weak atomic potential screened by
inner La 3d and 4d electrons and the wave functions are
extended well.

Figure 3 shows the results with and without U of La 4f .
GWA starting from LSDA eigenvalues and wave functions
gives rise to large energy shifts for hybridized La 4f and 5d
states. LSDA+U calculation splits the La 4f and 5d bands
and then the U+GWA makes La 4f and 5d bands appear
separately at around 12.5 and 7 eV above EF, respectively,
consistently with observed spectra as shown in Fig. 4.
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FIG. 2. Feynman diagrams of the basic contributions to GWA;
�a� the polarization and �b� the exchange self-energy. The products
of wave functions, �k�

� �k�+q or �k
��k−q, appear at each vertex.

0
10
20
30

0
10
20
30

-10 -5 0 5 10 15

(a)

(b)

(c)

(d)

0
10
20
30
0
10
20
30 LSDA

GWA

LSDA+U

U+GWA

(1/eV)

Energy (eV)

FIG. 3. Quasiparticle density of states of LaMnO3. �a� LSDA,
�b� GWA quasiparticle �QP� �Ref. 5�, �c� LSDA+U, and �d� U
+GWA QP. �c� and �d� are the results of the present work with the
parameters of U=7.5 eV and J=0.5 eV for La 4f .
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B. Effect of U of trivalent transition-metal d orbitals

1. Divalent transition-metal ions in MO

In our recent work proposing the novel U+GWA,4 the
electronic energy spectra were calculated in divalent
transition-metal ion systems, NiO and MnO. In these sys-
tems, O2− 2p and M2+ 3d levels are energetically separated
widely.

Antiferromagnetic MnO is a system of localized 3d bands
with fully spin-polarized �t2g

↑ �3�eg
↑�2 configuration and a small

screening effect does work because of small polarization of
M2+ d→d transition. This gives rise to the large static-
screened Coulomb interaction W�0� by GWA, which is con-
sistent with the observation.

The electron configuration of Ni2+ in NiO is
�t2g

↑ �3�t2g
↓ �3�eg

↑�2 and the polarization function is large due to
the d�t2g

↓ �→d�eg
↓� transition. In addition to this, because of

the narrow LSDA energy gap, the screened Coulomb inter-
action W�0� becomes small in GWA. However, real positions
of the oxygen p levels should be at energies slightly nearer to
the top of the occupied bands. Therefore, we adopted U
+GWA for NiO where the finite U value makes the starting
nickel d level deeper �resultantly, oxygen p levels shallower�
due to the self-interaction correction and the energy gap
wider. The finite U value of Ni2+ is determined so as to
obtain good agreement of the energy separation between
principal peaks in calculated and experimental XPS-BIS
spectra.

2. Trivalent transition-metal ions in LaMO3

Perovskite-type transition-metal oxides are systems of
trivalent transition-metal ions and the situation is qualita-
tively different from cases of divalent transition-metal mono-

Energy

���

LaTiO3 LaVO

LaCrO LaMnO LaFeO

LaCoO LaNiO LaCuO

3

3 3 3

3 3 3

(a)

FIG. 4. �Color online� Imaginary part of Green’s functions �1 /	��Im G�
�� �per unit cell� of LaMO3 �M =V�Cu� where the energy
zeroth is set at the Fermi energy EF. �a� those by LSDA+U �starting spectra�, and �b� those by U+GWA at third iteration. In all cases, La 4f
orbitals are treated by LSDA+U /U+GWA with U=7.5 eV and J=0.5 eV. For transition-metal ions, U and J are used for Ti �U
=2.5 eV, J=1.0 eV�, V �U=3.0 eV, J=1.0 eV� and Co �U=2.7 eV, J=1.3 eV�. It should be noted that the unit cells of LaMO3 �M
=Ti,V,Cr,Mn,Fe� contain four molecular units and those of M =Co,Ni,Cu contain one unit. The dotted lines in �a� and �b� are the
experimental spectra and are shown in arbitrary intensity scale. The original experimental data can be found in the following references:
LaTiO3 �Ref. 48�, LaVO3 �Ref. 49�, LaCrO3 �Ref. 50�, LaMnO3 �Ref. 35�, LaFeO3 �Ref. 38�, LaCoO3 �Ref. 39�, LaNiO3 �Ref. 40�, and
LaCuO3 �Ref. 41�.
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oxides. In most cases �M =Cr�Cu�, the atomic potential of
oxygen p electrons becomes shallow and the separation be-
tween O2− 2p and M3+ 3d levels becomes much smaller.
Then, O2− 2p states are well hybridized with M2+ d states in
the top of the valence bands. Moreover, GdFeO3-type distor-
tion of MO6 octahedra causes the t2g-eg mixing in M3+ ions
in M =Ti�Fe. Therefore, the d-d screening is quantitatively
large in the perovskite-type structure. We categorize trivalent
transition-metal ions M3+ into two, one of which may have
strong screening effects and the other is the rest.

Most trivalent transition-metal ions, Cr3+, Mn3+, Fe3+,
Ni3+, and Cu3+, belong to the first category. In Cr3+, Mn3+,
and Fe3+ systems, transition-metal ions are well spin polar-
ized and O2− 2p levels locate near 3d levels in LSDA. As a
result, these systems are affected by large screening effects
due to the extended d orbitals over O2− 2p orbitals and
small-screened on-site Coulomb interaction. In the cases of
M3+=Ni3+ and Cu3+, the systems are paramagnetic metals
without the GdFeO3-type distortion and d-orbital wave func-
tions of M3+ ions hybridize strongly with O2− p orbitals.
Therefore, they are affected by strong screening effects too.
For the first category, it is not necessary to introduce U in
M3+ because of the resultant strong screening effect and this
effect is reproduced satisfactory without U �in U+GWA cal-
culations�.

Light ions, M3+=Ti3+ and V3+, are of the second category.
For these two cases, O2− p levels locate deeper in energy. A
calculation with U=0 in M3+ gives rise to a partially filled t2g

↑

bands with large polarization function. This situation causes
a large screening effect and the resultant ground state is me-
tallic in both materials. The correct situation may be the
partially filled t2g

↑ bands but a larger �screened� Coulomb
interaction creates an appropriate band gap. To have a good
starting state in Ti3+ and V3+ or, in other words, to keep
appropriate d-energy positions, we need to introduce a finite
value of U and keep an energy gap finite.

Co3+ may be an exception. LaCoO3 is a nonmagnetic in-
sulator but calculated result is metallic, if we would not use

a finite U in Co3+ ion. Therefore, we should start with a finite
U value to keep the band gap finite. This case will be dis-
cussed more in Sec. V D.

V. RESULTS AND DISCUSSIONS

A. Calculation detail

The perovskite-type transition-metal oxides show a large
variety of spin and orbital order and lattice distortion. The
crystal structure and the spin and orbital orderings are sum-
marized in Table I. They are the G, C, G, A, and G-type
antiferromagnetic spin-ordered insulators at low tempera-
tures as M changes from Ti to Fe. �For the order types, A, C
and G, one can refer to Ref. 14.� LaMO3 is nonmagnetic
insulator for M =Co and paramagnetic metal for M =Ni and
Cu. The orbital order is found in LaTiO3, LaVO3, and
LaMnO3 at low temperatures and presumably in LaCoO3 at
intermediate temperature range. The crystal lattices are
orthorhombic for M =Ti, Cr, Mn, and Fe, monoclinic for
M =V, rhombohedral for LaCoO3 and LaNiO3 and tetragonal
for LaCuO3. The unit cell contains four molecular units of
LaMO3 in M =Ti, V, Cr, Mn, Fe, and one unit in M
=Co,Ni,Cu.

We adopt 4�4�4 k mesh points in Brillouin zone for
M =Ti�Co and 8�8�8 k points for M =Ni�Cu. The cal-
culation is based on the tight-binding linear muffin-tin orbital
�LMTO� method and we use empty spheres of 20 �Ti, V�, 16
�Cr�Fe�, and 12 �Co�Cu�, and totally 17–40 atomic
spheres exist in a unit cell. The set of the maximum orbital
angular momentum of the LMTO basis in La, M, and O
empty spheres are chosen to be �fddp�. In the calculation of
the self-energy, the maximum total angular momentums of
the product basis is set to be �fddp� for the calculation of the
correlation part of the self-energy �C and �if fd� for �X. This
choice and “the radial-node elimination” reduce the number
of the product basis used in �C from 4428 to 756 for the case
of M =Ti and V, from 4296 to 720 for M =Cr�Fe, and from

TABLE I. Spin and orbital orders, metal or insulator, lattice symmetry, and structure of perovskite 3d
transition-metal oxides LaMO3, M =Ti�Cu. In “Spin order” column, AFM, NM, and PM denote “antifer-
romagnetic,” “nonmagnetic,” and “paramagnetic,” respectively. Also in ‘Symmetry’ column, O, M, R, and T
denote “orthorhombic,” “monoclinic,” “rhombohedral,” and “tetragonal,” respectively. The spin and orbital
order types, A, C, and G, should be referred to Ref. 14.

Ti V Cr Mn Fe Co Ni Cu

Spin order G-AFM15 C-AFM16,17 G-AFM18 A-AFM19 G-AFM18 NM*a PM21 PM

Orbital order **b Gc ***d

Metal�M� or Insulator�I� I I I I I I M M

Symmetry O M O O O R R T

Structure Ref. 22 Ref. 29 Ref. 30 Ref. 19 Ref. 31 Ref. 18 Ref. 18 Ref. 32

aLaCoO3 is nonmagnetic at the low temperatures and the Co3+ ion is in the low-spin �t2g
6 : 1A1� configuration.

The system seems to change to the intermediate spin state �t2g
5 eg : 3T1� at around 90 K �Ref. 20�.

bSizable deformation and the orbital order are observed in Ref. 22. For detail discussion on orbital order, see
the text.
cStabilization of coexistence of C-AFM and G-type orbital order is discussed in Ref. 23
dRefs. 24 and 25. There are several reports of experimental observation. C-type antiferromagnetic orbital
order by the resonant x-ray scattering �Ref. 26�. Recent ESR �Ref. 27� and neutron diffraction �Ref. 28�
experiments report different orbital order. Detail discussion will be given in Sec. V D 4.
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1338 to 252 for M =Co�Cu per spin. In the calculation of
the exchange part of the self-energy �X, we reduce the num-
ber of the product basis from 9096 to 4724 for M =Ti and V,
from 8964 to 4648 for M =Cr�Fe, and from 2505 to 1314
for M =Co�Cu per spin.

We calculate the electronic structures by U+GWA with
the e-only self-consistency. For all systems, at the third itera-
tion step of the e-only self-consistent calculation, the energy
shift becomes very small and the whole calculation almost
converges.

B. Screened on-site Coulomb interaction
of transition-metal ions

Values of U and J for transition-metal ions used in the
LSDA+U and U+GWA calculations are listed in the
“LSDA+U” column of Table II, together with the estimated
values of static-screened on-site Coulomb interaction W�0�
of transition-metal 3d orbitals. If we use, in U+GWA calcu-
lation, U values evaluated by c-LSDA, we would obtain a
wider energy separation between principal peaks of occupied

and unoccupied bands and a wider band gap. Furthermore,
the resultant W�0� values become too large. In fact, we need
not introduce U for 3d orbitals of most transition-metal ions.

The calculated values of the screened Coulomb interac-
tion W�0� for Ti3+�Cr3+ are similar to the U values by the
cluster-CI calculation. The resultant band gaps of Cr3+,
Mn3+, and Fe3+ are comparable with the observed ones. The
calculated W�0� in Mn3+ is much smaller than the U values
of the cluster-CI calculation, but shows a good agreement
with an experimentally determined one.33 For Co, we need to
introduce a finite U. The resultant energy gap may be too
large and W�0� is comparable with that in the cluster-CI cal-
culation. In the cases of Ni and Cu, the values of W�0� are
small because of the metallic screening.

The static-screened Coulomb interactions W�0� evaluated
here are different from both those of cluster-CI models and
those of the c-LSDA. It should be stressed that the calculated
W�0� are comparatively small. This may not be a surprising
result, once we compare the O 2p-M 3d separation in M3+

and M2+ systems. Furthermore, our W�0� includes effects of
screening by d electrons but U in cluster-CI models does not.

TABLE II. The Coulomb and exchange interactions U and J, magnetic moment M of the transition-metal 3d orbitals, the direct gap EG:d,
and the indirect gap EG:id by LSDA+U and U+GWA, compared with the experimental ones, the occupations �per one atom� of d-orbital
electrons with majority �↑� /minority �↓� spin nd↑/↓, and total d occupation nd, the high and low-frequency limit of screened Coulomb
interactions W�
� and W�0�, and the ratio of them W�0� /W�
�. If finite values of U and J are given in “LSDA+U” column, the LSDA
+U /U+GWA calculations are carried out with these U and J values for M d orbitals, otherwise, zero values of U and J are used for M d
orbitals. In all cases, U=7.5 and J=0.5 eV are used for La 4f orbitals in LSDA+U /U+GWA calculations. The band gaps are evaluated
from the structure of the quasiparticle bands.

Ti V Cr Mn Fe Co Ni Cu

Constraint LSDA U�eV� 8.2 7.6 7.8 8.0 8.3 7.8 8.1 8.5

J�eV� 0.90 0.84 0.84 0.90 0.87 0.84 0.87 0.93

Experimental U�eV� a 4.034 4.036 5.234 7.8,357.537 7.5,376.038 5.539 740 7.041

Spectra J�eV� b 1.0 1.0 1.1 1.1 1.2 1.3 1.3

M��B� 0.4515 1.316 2.45,2.818,43 3.8719 3.9,4.618,44

EG:d�eV� 0.145 1.145 3.445 1.145 2.145 0.345 045 045

LSDA+U U�eV� 2.5 3.0 2.7

J�eV� 1.0 1.0 1.3

nd↑ 1.38 2.48 3.39 4.29 4.85 3.60 4.11 4.60

nd↓ 0.70 0.71 0.85 0.83 1.31 3.60 4.11 4.60

nd 2.08 3.19 4.24 5.12 6.16 7.21 8.22 9.21

W�
��eV� 20.12 21.18 22.39 23.86 24.85 27.73 29.04 29.31

W�0��eV� 2.25 3.49 3.01 2.54 1.86 3.96 1.12 1.69

W�0� /W�
� 0.11 0.16 0.13 0.11 0.07 0.14 0.04 0.06

M��B� 0.68 1.79 2.58 3.50 3.54

EG.d�eV� 0.49 0.92 1.04 0.46 0.10 0.49

EG.id�eV� 0.01 0.86 1.02 0.11 0.10 0.23

U+GWA W�0��eV� 3.09 4.73 4.28 3.82 3.03 4.72 1.00 1.59

W�0� /W�
��eV� 0.15 0.22 0.19 0.16 0.12 0.14 0.03 0.05

M��B� 0.68 1.79 2.38 3.16 3.37

EG:d�eV� 1.00 2.48 3.28 1.79 1.78 1.68

EG:id�eV� 0.77 2.47 3.25 1.63 1.76 1.28

aU determined from cluster-CI calculations so as to have good agreement with observed results by x-ray photoemission spectroscopy �XPS�
and x-ray absorption spectroscopy �XAS�.
bCalculated from the Slater integrals F2 and F4 in Ref. 42.
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It should be noted that the result by c-LSDA is that with
switching some screening channels off. To compare W�0�
with U in c-LSDA, we should see the effects of switching off
in the polarization function. The Coulomb interaction Wr,
which does not include the d→d polarization, is evaluated
by means of the following equation;46

Wr�E� = �1 − vPr�E��−1v , �6�

where Pr is the polarization function excluding the d→d
transition process and v is the bare Coulomb interaction ma-
trix. It is difficult to distinguish whether a specified band is
of the d character or not in an actual calculation of such
complex systems and, moreover, if we project out the d com-
ponents of each band, a real part of Wr�E� sometimes be-
comes negative. In our present work, we define the “d
bands” with a help of an energy window, and, if the initial
and final states locate in this energy window, we exclude this
process in the calculation of the polarization function Pr.
Table III shows the calculated values of the Coulomb inter-
action Wr�0� with respective energy windows which we ex-
clude the calculation as d→d transition. The values of Wr�0�
are comparable to U of c-LSDA.

We can estimate the values of W�0� from the energy sepa-
ration between principal peaks in occupied and unoccupied
bands corresponding to the particular electron configuration.
Then we will show, in Sec. V D, the consistency between the
calculated values of W�0� in the calculated optical spectra. In
other words, the main profile of the optical spectra is deter-
mined by W�0�.

C. Spin magnetic moments

The calculated values of the magnetic moment are listed
in Table II and compared with the observed
ones.15,16,18,19,43,44 The data show good agreement with ex-
periments. Since the calculation of U+GWA is based on the
e-only self-consistency, the resultant magnetic moment is es-
sentially the same as that by LSDA+U.

D. Optical spectra

The direct and indirect band gaps �EG:d and EG:id� of
LaMO3 �M =Ti�Cu� are summarized in Table II, evaluated
from the calculated quasiparticle bands. The band gap would
be smeared out and become narrower if we could include the
contribution by ladder diagrams �i.e., the electron-electron,
electron-hole, and hole-hole scatterings� in the higher
approximation.7,47 The observed O2− p bands move to higher

energy side with changing transition-metal ions from Ti3+ to
Cu3+. This fact is consistent with the observed crossover of
the band gap from the Mott-Hubbard gap in M =Ti and V to
the charge-transfer �CT� gap in M =Cr�Cu.45

The calculation starts from the LSDA+U results shown in
Fig. 4�a� and the U+GWA spectra are shown in Fig. 4�b�
with experimentally observed results of x-ray photoemission
spectroscopy �XPS� and x-ray absorption spectroscopy
�XAS�.35,38–41,48–50 The projected spectra of U+GWA are
also shown in Fig. 5 by using the local coordinate system
where the z axis is along the direction of the M-O pair of the
longest interatomic distance and other x and y axes direct to
the directions of other M-O pairs.

1. LaTiO3

The ground state of LaTiO3 is an antiferromagnetic insu-
lator. The electron configuration of Ti3+ is �t2g

↑ �1. The
LSDA+U method cannot make the system insulating if one
would use smaller values of U�2.3 eV. The starting
LSDA+U state is an antiferromagnetic insulator of a narrow
indirect gap of 0.01 eV with U=2.5 eV �Fig. 4�a��. Both the
top of the occupied band and the bottom of unoccupied band
are of the majority spin. The bands are broadened in U
+GWA, owing to the shift of the Ti and La d states, La f
states, and hybridization between Ti d and O p states.

The top of occupied oxygen 2p band locates at 4.5 eV
below the occupied Ti d�yz−zx�/	2 orbital in the calculated
spectra �Fig. 5� which is in good agreement with observation.
The energy separation between two principal peaks of occu-
pied tyz−xz

↑ and unoccupied tyz+xz,xy
↑ bands in U+GWA �−0.2

and 1.5 eV� is about 1.7 eV, and this may be estimated as

�ET��t2g
↑ �2� − ET��t2g

↑ �1�� − �ET��t2g
↑ �1� − ET��t2g

↑ �0��

= ut2g
� − jt2g

= U − 1.17J , �7�

where ET��� is the total energy of the multiplet �, ut2g
� and

jt2g
are the Coulomb and exchange integrals between t2g� and

t2g� orbitals �see Appendix C� Once we replace U in Eq. �7�
by W�0� and J by the used one in U+GWA, the calculated
result, W�0�=3.09 eV, is consistent with the above separa-
tion 1.7 eV.

The indirect and direct gaps are 0.77 and 1.0 eV, respec-
tively, in U+GWA as shown in Table II. This finite band gap
might be an artifact due to our unavoidably larger value of
U=2.5 eV for the starting insulating state. Arima et al.45

reported the optical conductivity data that the Hubbard band
gap is 0.1 eV and the CT gap �the transition from O 2p to
Ti 3d� is 4.5 eV.

The local distortion of octahedron elongation splits the
degeneracy of dxz and dyz of titanium into d�yz−zx�/	2 and
d�yz+zx�/	2. According to the diagonalization of the density
matrix of one particular titanium ion, the main part of 3d
states of this titanium ion is approximately �−0.30�xy

+0.96��yz−xz� /	2
�. The main part of 3d states in the eigen-
vector at the top of the highest occupied band �� point� is
approximately �−0.468�xy
+0.884��yz−zx� /	2
�, which is in
good agreement with the analysis by Cwik et al.22 64% of
the weight at � point is on titanium ions. The rest compo-

TABLE III. The d→d unscreened Coulomb interaction Wr�0�
�eV� of LaFeO3 by U+GWA. The energy window is set between
Emin �eV� and Emax�eV� The fully screened Coulomb interaction is
W�0�=3.03 eV. The energy zeroth is at the top of the valence
bands.

Wr�0� Emin Emax

5.36 −1.36 4.63

9.28 −4.63 4.63
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nents of t2g orbitals d�yz+xz�/	2 and dxy are almost degenerate
and form the bonding and antibonding states with oxygen 2p
orbitals.

2. LaVO3

LaVO3 is an antiferromagnetic insulator but the LSDA
calculation tells that it should be an antiferromagnetic metal.
The G-type orbital order �OO� was suggested under the
C-type antiferromagnetic spin order by LSDA+U.23 LSDA
+U and U+GWA calculations give an insulating ground
state with the electron configuration of V3+ �t2g

↑ �2.
The calculated band gap is estimated to be 2.48 eV �the

direct gap� and, on the other hand, the experimentally ob-
served Hubbard and CT gaps are 1.1 and 4.0 eV,
respectively.45 This discrepancy may be due to our larger U
value in U+GWA calculation for keeping a band gap finite.

We find bonding V d-O p, nonbonding O p, and V d
states at −5.5, −3.0, −0.5 eV, respectively, and the peak po-
sitions of valence and conduction bands are in good agree-

ment with the experimental spectrum.49 The bands just below
and above the band gap originate from split t2g levels of
majority spin, and dyz and dzx are occupied and dxy unoccu-
pied �Fig. 5�. This is the G-type orbital order �OO� suggested
in Ref. 23.

Both the top of the occupied band and the bottom of un-
occupied band are t2g

↑ . The bands are broadened in U
+GWA, owing to the shift of the V and La d states, La f
states, and hybridization between V d and O p states, as seen
in the case of LaTiO3. The energy separation between two
principal peaks of occupied t2gyz ,zx and unoccupied t2gxy
bands in U+GWA �at about −0.3 and 3.2 eV� is about 3.5
eV, which may be estimated as

�ET��t2g
↑ �3� − ET��t2g

↑ �2�� − �ET��t2g
↑ �2� − ET��t2g

↑ �1��

= ut2g
� − jt2g

= U − 1.17J . �8�

Once we replace U in Eq. �8� by W�0� and J by the used one
in U+GWA, our calculated result, W�0�=4.73 eV, is con-

Energy [eV]
FIG. 5. �Color online� Imaginary part of the projected Green’s functions per atom �1 /	��Im G�
�� of LaMO3 �M =V�Cu� by U

+GWA at third iteration. The energy zeroth is set at the Fermi energy EF. The spectra of oxygen atom are the ones averaged over
inequivalent sites. As for the transition-metal atoms, the spectra are those per atom of the spin-up site. The projected Im G is depicted by
using the local coordinate system where the z axis is along the direction of M-O of the longest interatomic distance and other x and y axes
direct to the other M-O. For all cases, La 4f orbitals are treated by U+GWA �U=7.5 eV, J=0.5 eV. Transition metal U is used for Ti
�U=2.5 eV, J=1.0 eV�, V �U=3.0 eV, J=1.0 eV� and Co �U=2.7 eV, J=1.3 eV�. Unit cells of LaMO3 �M =Ti,V,Cr,Mn,Fe�, contain
four molecular units and those of M =Co, Ni and Cu contain one unit.
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sistent with the above energy separation 3.5 eV. This separa-
tion is the Hubbard gap as assigned in the experiment.49

3. LaCrO3

LaCrO3 is a G-type antiferromagnetic insulator with the
band gap of 3.4 eV.45 Calculations give rise to insulating
state as seen in �Figs. 4�a� and 4�b��. The electron configu-
ration of Cr3+ is �t2g

↑ �3, and t2g
↑ bands are fully occupied �Fig.

5�. The spectra of U+GWA agree well with observed ones
both in occupied and unoccupied bands.50 The top of the
occupied band is t2g

↑ and the bottom of the unoccupied ones
are shared by eg

↑ and t2g
↓ bands. In other words, the

conduction-band electrons extend over sublattices of differ-
ent spins.

The lower part of majority spin t2g
↑ bands is strongly

mixed with O p bands, but still the upper part of the occu-
pied t2g

↑ bands are separated from the main bands of O 2p
states. The highest occupied Cr 3d states mix strongly with
O 2p states and the Hubbard and CT gaps are indiscernible.45

The peak positions of the lower occupied bands are at −4 and
−6 eV in good agreement with the observed spectrum.50 The
conduction-band spectrum in U+GWA has the peak struc-
ture also in good agreement with observed ones; observed
majority spin eg and minority spin t2g bands locate at 4 eV,
minority spin eg bands at 7 eV and La states at 9 eV in XAS.
The value of the band gap is 3.3 eV which agrees well with
the observed one of 3.4 eV.

The energy separation between two principal peaks of oc-
cupied t2g

↑ and unoccupied eg
↑ bands in U+GWA �at about

−0.5 and 4 eV� is about 4.5 eV, which may be estimated as

�ET��t2g
↑ �3��eg

↑�1 − ET��t2g
↑ �3�� − �ET��t2g

↑ �3� − ET��t2g
↑ �2��

= 3�u� − j�� − 2�ut2g
� − jt2g

� = U − 0.15J , �9�

where u� and j� are the Coulomb and exchange integrals
between t2g and eg orbitals �averaged over three orbitals of
t2g and two of eg orbitals�. �See Appendix C.� Once we re-
place U in Eq. �9� by W�0� �though J is unknown but may be
at most 1 eV�, our calculated result, W�0�=4.28 eV, is con-
sistent with the above energy separation of 4.5 eV.

4. LaMnO3

The lattice of LaMnO3 is distorted by the Jahn-Teller ef-
fect, which splits the degenerate eg levels, and the electron
configuration of Mn3+ ion is �t2g

↑ �3�eg
↑�1. Then this system is

insulator even if we use U=0 as seen in Fig. 4. The LSDA
+U �with U=0� calculation of LaMnO3 underestimates the
band gap and overestimates d-bandwidth. We can see that the
width of the majority Mn d t2g band in the energy region
between −2.3 and −0.1 eV in the LSDA+U results becomes
narrower in U+GWA, and that of the majority Mn d3z2−r2

band in the energy region between −1.0 and 0 eV in the
LSDA results becomes broader.

The experimentally observed spectrum shows a majority
spin t2g level at −2 eV, eg levels at 0 and 2 eV, a minority
spin eg levels at 5 and 7 eV, t2g level at 6.5 eV, and La 5d
band at 6–9 eV.35 These observations agree with our calcu-
lated results. The only difference is the fact that t2g

↓ band is

observed at 2.5 eV in contrast to calculated eg
↑ band at the

same energy position. The overall feature in calculated U
+GWA spectrum is in good agreement with observed result
of XPS and XAS. The band gap 1.6 eV by U+GWA is
consistent well with observed one of 1.1 eV.

The energy separation between two principal peaks of oc-
cupied eg

↑ and unoccupied eg
↑ bands �at −0.5 and 2.5 eV� is

about 3.0 eV,35 which can be estimated as

�ET��t2g
↑ �3�eg

↑�2� − ET��t2g
↑ �3eg

↑�� − �ET��t2g
↑ �3eg

↑� − ET��t2g
↑ �3��

= u�rmeg
� − j�rmeg

= U − 1.52J , �10�

where u�rmeg
� and j�rmeg

� are the Coulomb and exchange inte-
grals between egu and egv orbitals. �See Appendix C.� Once
we replace U in Eq. �10� by W�0� �though J is unknown�, our
calculated result, W�0�=3.82 eV, is consistent with the
above energy separation of 3.0 eV.

With the local coordinate system of the z direction being
parallel to the longest Mn-O bond, the local orbital d3z2−r2 of
the majority spin may be occupied and dx2−y2 of the majority
spin empty �though not completely�. The density matrix for
the spin density of eg shell on one particular Mn atom is

nmm�
↑ − nmm�

↓ = �0.695 0.063

0.063 0.260
� . �11�

With diagonalizing the density matrix, the spin density of the
occupied eg

↑ consists of 0.70 occupation of almost pure �3z2

−r2
 and 0.26 occupation of �x2−y2
. The orbital order �OO�
is of the C type in A-AFM LaMnO3,26 ferromagnetic inter-
layer OO and antiferromagnetic interlayer spin order. No es-
sential change is introduced by a finite U value, e.g., U
=7.0 eV, in LSDA+U.51 The projected spectra are shown in
Fig. 5 There are several reports of experiments: C-type anti-
ferromagnetic OO by the resonant x-ray scattering26 and OO
of the type of cos�

2 �3x2−r2
+sin�
2 �y2−z2
 of �=92° by ESR27

and �=106° by neutron diffraction28 experiments. Both the
JT distortion and superexchange interaction may be crucial
to explain these observed OO.25 The Pump-and-probe study
has been reported with respect to the excitation of the ground
state d3z2−r2 to the empty state dx2−y2.52

5. LaFeO3

Electron configuration of Fe3+ ion is �t2g
↑ �3�eg

↑�2 in
LaFeO3. The LSDA+U calculation of LaFeO3 gives a van-
ishingly small band gap and the U+GWA widens it. The top
of the occupied band is eg

↑ and the bottom of the unoccupied
band is t2g

↓ .
The valence-band spectra by U+GWA are in good agree-

ment with the experimental XPS.38 There are O 2p and
Fe 3d bonding states, t2g, and eg states at −5, −2.5, and
−1 eV, respectively, in the experimental XPS, and these are
also in good agreement with the peaks at −5.5, −3, −1 eV in
U+GWA. We could get good agreement between the calcu-
lated conduction-band spectra and experimental XAS,38 if
we would shift the experimental one by 1–2 eV to the lower
energy side. It must be noted that the experimental XAS
spectrum38 was aligned so that the band gap agrees with the
optical gap of Ref. 45 and, therefore, there might be still
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some ambiguity in experimental spectra. In the conduction-
band spectrum in the XAS, we observe the majority-spin
bands of t2g at 3 eV, eg at 4.5 eV, and La 5d at 8–9.5 eV,
respectively, which are corresponding to peaks at 2, 3.5, and
7–8.5 eV in the spectrum of U+GWA.

The energy separation between two principal peaks of oc-
cupied t2g

↑ and unoccupied t2g
↓ bands �at −3.0 and 2.0 eV� in

calculated spectra is about 5.0 eV.35 Therefore, the energy
separation can be estimated theoretically as

�ET��t2g
↑ �3�eg

↑�2�t2g
↓ �1� − ET��t2g

↑ �3�eg
↑�2�� − �ET��t2g

↑ �3�eg
↑�2�

− ET��t2g
↑ �2�eg

↑�2��

= �2ut2g
� + ut2g

+ 2u�� − �2�ut2g�
− jt2g

� + 2�u� − j���

= U + 4.34J �12�

Once we replace U in Eq. �12� by W�0� �though J is un-
known and at most 1 eV�, our calculated result, W�0�
=3.03 eV, is presumably not inconsistent with the above
energy separation of 5.0 eV.

6. LaCoO3

LaCoO3 is a nonmagnetic insulator with the rhombohe-
dral symmetry at low temperatures and has no lattice distor-
tion. Then the Co3+ ion is in the low-spin state of the electron
configuration t2g

6 : 1A1 and the electron configuration is
�t2g

↑ �3�t2g
↓ �3. The system changes to the intermediate spin state

�t2g
5 eg : 3T1� at around 90 K.20 The intermediate spin state may

develop an orbital order53 which has been reported in the
x-ray diffraction data.54

A value U=0 gives rise to a metallic nonmagnetic state
and, then, we should introduce an on-site Coulomb interac-
tion of U=2.7 eV in Co3+. Then the band gap opens be-
tween t2g and upper eg states. The occupations of eg

↑ and eg
↓

are about 0.6, respectively. In the experimental assignment,
there are Co 3d at 2 eV and La 5d at 7–9 eV,39 which corre-
spond to the U+GWA calculated positions of 3 and 8 eV. In
the valence-band spectrum, there exists peaks at −1, −3, and
−5.5 eV in the XPS,39 which are in good agreement with the
peaks in U+GWA spectrum.

There is no principal peak characterizing a multiplet in
unoccupied spectra. Even though, let us choose two principal
structures in occupied t2g and unoccupied eg bands at −0.8
and 2.0–5.0 eV. Then, the energy separation between these
states is about 2.8–5.8 eV,35 and the corresponding energy
separation may be estimated as

�ET��t2g
↑ �3�eg

↑�2�t2g
↓ �1� − ET��t2g

↑ �3�eg
↑�2��

− �ET��t2g
↑ �3�eg

↑�2� − ET��t2g
↑ �3�eg

↑�1��

= �3ut2g
� + 2u�� − �3�u� − j�� + �ueg

� − jeg
��

= U + 2.47J . �13�

Once we replace U in Eq. �13� by W�0� �though J is un-
known and at most 1 eV�, our calculated result, W�0�
=4.73 eV, is, at least, not inconsistent with the above energy
separation of 2.0–5.0 eV.

7. LaNiO3

LaNiO3 is a paramagnetic metallic system with the rhom-
bohedral symmetry and has no lattice distortion. Therefore,
we expect that a value U=0 can lead to a good result. The
band near the Fermi energy is eg which is separated from t2g
bands.

The results of U+GWA are consistent with the experi-
mental observation.40 In the experimental spectrum of
LaNiO3, there are Ni 3d and La 5d at 0–2 and 6–8 eV, re-
spectively, which are in good agreement with the peaks at
0–2 and 4.5–6.5 eV in U+GWA.

8. LaCuO3

LaCuO3 is a paramagnetic metallic system with the te-
tragonal symmetry and has no lattice distortion. Then, we
expect that a value U=0 can lead to a good result as LaNiO3.
The band near the Fermi energy is eg which is separated
from t2g bands. The results of U+GWA are consistent with
the experimental observation,41 the overall profile of the
spectra and the positions of broad peaks. In the experimental
spectrum of LaCuO3, there are Cu 3d at 0–2 eV, La 5d, 4f ,
Cu 4s, and 4p at 4–15 eV, which correspond to 3d at 0 eV,
La 5d at 5–7 eV, La 4f at 11 eV. The d orbitals of Cu are
hybridized strongly with O 2p orbitals in the entire energy
range.

VI. SUMMARY

We studied the electronic structure of LaMO3 �M =Ti
�Cu� systematically by means of U+GWA at the first time
with the careful treatment of the dynamical screening effects
and the hybridization mixing between M 3d and O 2p orbit-
als. We introduced finite values of U into La 4f orbitals, so
that La 5d orbitals do not hybridize with La 4f . This proce-
dure can keep correct energy levels of La 5d and 4f success-
fully in LSDA+U and U+GWA. We introduced the on-site
Coulomb interaction U also into the localized d orbitals of
Ti3+, V3+, and Co3+. Other transition-metal ions M3+ are af-
fected by larger screening effects and they do not require
finite U. The spectra obtained so far show an excellent agree-
ment with the observed spectra and the resultant static-
screened Coulomb interaction is consistent with the separa-
tion of principal peaks of the observed spectra. The
legitimacy of U+GWA is made clear by analysis of mixing
ratio of wave functions in Appendix B.
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APPENDIX A: NUMERICAL TECHNIQUES: SAVING CPU-
TIME AND DISK SPACE WITHOUT LOSS OF

ACCURACY IN A SYSTEM WITH LARGE UNIT CELL

The perovskite-type transition-metal oxides have a large
unit cell and, therefore, several kinds of new algorithms and
programming techniques are essentially important for GWA
calculation. We explain here various efforts for more accu-
rate calculation and those for reducing the CPU time and
saving the memory size without loss of accuracy.

1. Analytical approximant for self-energy

We calculate the imaginary part of the correlation part of
the self-energy �C and, then, get its real part with the help of
Kramers-Kronig transformation.55 For this transformation,
large number of the energy mesh points is necessary for an
enough accuracy. Usually we divide the real energy axis into
several hundreds mesh points and the resultant cost of the �C
calculation becomes heavy. Then, a new method is essen-
tially important to adopt smaller number of energy mesh
points without loss of accuracy in order to reduce the CPU
time.

First, we calculate the correlation part of screened Cou-
lomb interaction WC at energy mesh points along the real
energy axis, which is usually chosen with nonequal intervals.
Then we represent WC as a sum of the first-order rational
functions each of which has a single first-order pole at the
midst point of each adjacent energy mesh points,

WCn�n

kq �
� 
 �k − qn:kn��WC�
��kn�:k − qn


= �
j
� 1


 − zj
−

1


 + zj
�an�nj

kq , �A1�

where zj are points on the complex plane off from the real
axis with an imaginary part of 1.5 times larger than the mesh
point interval. The constant an�nj

kq is given as

an�nj
kq = �

i

�b−1� jiWCn�n

kq �
i� , �A2�

bij =
1


i − zj
−

1


i + zj
, �A3�

where 
i are the energy mesh points for the polarization
function. In other words, we represent the branch cut as a
dense set of the first-order poles. By using this analytical
form of WC, �C can be evaluated analytically. One example
of WCn�n

kq �
� is shown in Fig. 6.

We can control and reduce the number of energy mesh
points and this fitting method can actually reduce the CPU
time, without loss of numerical accuracy, for the calculation
of the polarization P and �C by factors 1

4 and 1
2 , respectively.

Moreover, also the disk space and the memory size for the
calculation of the polarization can become smaller by a fac-
tor 1

4 .

2. Parallelization

The calculations of large systems, such as the cubic per-
ovskite with the tilt and distortion of MO6 octahedron, re-

quires much CPU time. Parallelization algorithm in calcula-
tion of polarization and self-energy is desirable.

In the previous work,5 we parallelized only the 
 loop by
Open MP with 64 CPUs in the calculation of P and �C. In
the present work, we use 64 CPUs with 4 parallel q loops
and 16 parallel 
 loops. This procedure results in higher
efficiency. We notice that the conversion matrix from
�k�

� �k�+q to the product basis requires a large memory size
and we divide the loop to allocate the memory of this matrix
with reduction of memory size more efficiently.

3. Crystal symmetry

The correlation part of the self-energy �C is expressed as

�C�k,�� = i�
q

wq� d


2	
G0�k − q,� − 
�WC�q,
� ,

�A4�

where wq is the weight of q point and G0 is the unperturbed
Green’s function. The polarization P�q ,
� is necessary to
calculate WC. The CPU time and memory size become huge
for both P and �C. In the previous work,5 we calculated P
for all q points. In the present work, the symmetry operations
in crystals are implemented and we calculate the polarization
P only at inequivalent q points in the irreducible zone. The
calculation of the polarization becomes faster and needs
much smaller disk space.

APPENDIX B: OFF-DIAGONAL ELEMENTS OF SELF-
ENERGY

In order to see how good initial wave functions we make
for GWA, we evaluate the mixing amplitude of those wave
functions by the off-diagonal element of the self-energy.4

Im

FIG. 6. �Color online� Real and imaginary parts of WCn�n

kq �
� of

LaMnO3, where n=n�=valence band bottom, k= �0,0 ,0� and q
= 	

c �0,0 , 1
2 �, where c is the lattice constant along the c axis. Marks

represent the calculated points, 128 points and 32 points data, and
the solid and dotted lines are the results fitted by the rational func-
tion Eq. �A1�.
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When the off-diagonal matrix element of the self-energy
��knn� is finite, two bands n and n� at k �LSDA+U eigenen-
ergies �kn and �kn�� may be mixed. The effective Hamil-
tonian matrix is the 2�2 matrix;

� �kn + ��kn��kn� ��knn����kn + �kn��/2�

��knn�
� ���kn + �kn��/2� �kn� + ��kn���kn��

� .

�B1�

By diagonalizing this matrix, we evaluate the mixing ratio as

�	x2 + 1 − x�2:1, �B2�

where

x = � �kn + ��kn��kn� − �kn� − ��kn���kn��

2��knn����kn + �kn��/2� � . �B3�

When this ratio is small �x is much larger than the unity�, the
resultant mixing is negligible. We will justify the approxima-
tion by using these formula.

In fact, a finite U value improves starting wave functions
by changing their locality and the legitimacy may be ap-
proved by calculating the off-diagonal elements of the result-
ant self-energy. Figure 7 shows the mixing ratios in LaFeO3
�U=0 eV� and LaVO3 �U=0 and 3.0 eV� per spin for the
elements between �kn� and �kn��.

Figure 7�a� shows the mixing ratio in the energy range of
La 4f and 5d bands in LaFeO3, which indicates that there is
no hybridization �appreciable matrix elements� between
La 4f and 5d states. This is the direct result of our introduc-
tion of U in La 4f . On the contrary, calculation without U of
La 4f causes strong hybridization between La 4f and 5d
bands and GWA could not split them.

In the energy region near EF in LaFeO3, no elements have
larger mixing ratio in Fig. 7�b�. It is not needed to start with
LSDA+U method for Fe 3d orbitals. In other words, LaFeO3
has large screening effects and resultantly the screened on-
site Coulomb interaction becomes small.

One should compare Figs. 7�c� and 7�d� for the results of
U=0 and 3.0 eV in V 3d orbitals. One may notice that the
area of larger mixing ratio appears near EF in GWA of U
=0 eV �Fig. 7�c��, because the system is metallic in LSDA.
On the contrary, in the case of U=3.0 eV �Fig. 7�d��, the
LSDA+U method improves the starting wave functions and
no large off-diagonal elements of the self-energy are seen in
U+GWA. Resultant system becomes insulator by U+GWA
and the energy gap opens. This indicates that GWA could not
improve the problem of small screening effects in LaVO3
and requires LSDA+U wave functions.

APPENDIX C: COULOMB INTERACTIONS

The effective Coulomb and exchange integrals between
orbitals �a and �b, U�a ,b� and J�a ,b�, are represented by
the Racah parameters A, B, and C or by the Slater integrals
F0, F2, and F4. The Coulomb and exchange interactions4 of d
orbitals are as follows in the cubic symmetry,

ut2g
= U��,�� = U��,�� = U��,�� = ueg

= U�u,u� = U�v,v� = A

+ 4B + 3C = F0 + 4F2 + 36F4, �C1�

ut2g
� = U��,�� = U��,�� = U��,�� = A − 2B + C = F0 − 2F2

− 4F4, �C2�

ueg
� = U�u,v� = A − 4B + C = F0 − 4F2 + 6F4, �C3�

u� =
1

6 �
a�t2g

�
b�eg

U�a,b� = A + C = F0 − 14F4, �C4�

jt2g
= J��,�� = J��,�� = J��,�� = 3B + C = 3F2 + 20F4,

�C5�

jeg
= J�u,v� = 4B + C = 4F2 + 15F4, �C6�

j� =
1

6 �
a�t2g

�
b�eg

J�a,b� = 2B + C = 2F2 + 25F4, �C7�

We have an empirical relationship1 F4 /F2=0.63 /9=0.07 and
the above expressions are rewritten in terms of the Coulomb
and exchange parameters U and J as

ut2g
= ueg

= U + 1.14J , �C8�

LaFeO3
U=0 for Fe-3d

0 1

LaFeO3
U=0 for Fe-3d

LaVO3
U=0 for V-3d
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FIG. 7. �Color online� The mixing ratios of wave functions
�	x2+1−x�2 are shown for LaFeO3 and LaVO3 with the parameters
of U=7.5 eV and J=0.5 eV for La 4f . �a� La 4f and 5d region
�3 eV�E�13 eV� in LaFeO3 where U=0 and J=0 for Fe, �b�
near Fermi level EF �−7 eV�E�3 eV� in LaFeO3 where U=0
and J=0 for Fe, �c� U=0 and J=0 for V 3d in LaVO3, �d� U
=3.0 eV and J=1.0 eV for V 3d in LaVO3. The vertical and hori-
zontal axis are the LSDA+U eigenenergies �kn and �kn� for U
+GWA and the energy zeroth is set to the Fermi energy of LSDA
+U calculation.
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ut2g
� = U − 0.40J , �C9�

ueg
� = U − 0.63J , �C10�

jt2g
= 0.77J , �C11�

jeg
= 0.89J , �C12�

u� = U − 0.17J , �C13�

j� = 0.66J , �C14�

where U=F0 and J= 7
2 �F2+9F4�. These U and J are the pa-

rameters of LSDA+U or correspond to the output Coulomb
and exchange interactions in U+GWA.
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